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ABSTRACT

An experimental study of the vibrational characteristics of a quartz tuning fork at low temperatures has been carried out. The measurement
results in vacuum at 1.5 K are shown to almost coincide with data obtained at 0.7 K in the case of a tuning fork covered with a helium film.
The dependence of the oscillation velocity of the tuning fork legs on the excitation force has been determined, and the dependence of the fric-
tion force on the oscillation velocity has been calculated. The results are analyzed together with the previously obtained data on the nonlinear
dependence determined with the same tuning fork immersed into liquid helium during of turbulent fluid flow excitation. The oscillation veloc-
ity regions have been identified for which the internal friction effect in the tuning fork itself and the helium has a determining influence on
tuning fork oscillations. The data have been analyzed using the nonlinear Duffing equation that enabled the determination of the temperature
dependence of the tuning fork nonlinearity coefficient and the mutual friction coefficient caused by the turbulent flow of superfluid liquid.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5125903

INTRODUCTION

In recent years, studies of turbulence in He II have been
actively developed using the technique immersing an oscillating
object into superfluid liquid. A quartz tuning fork is primarily used
as this object. This technique enables, in particular, the study of
various dissipative processes that accompany the flow of the sub-
stance created by the oscillating tuning fork.1–4 Decreasing the geo-
metrical dimensions of the tuning fork5 improved the sensitivity of
the technique with respect to the effect of external forces and
changes in the effective mass of the tuning fork.6,7 As a result,
recent experiments5 performed in Не II at temperatures below
0.5 K have discovered a nonlinear behavior of the quartz tuning
fork immersed into the studied liquid. It has been shown that the
nonlinearity observed in the experiments may be described using
the Duffing equation8,9 in which the nonlinear term is proportional
to the cubed deviation x of the tuning fork leg from the equilibrium
position when exposed to the excitation force F(t).

The Duffing equation is usually presented in the form

d2x(t)
dt2

þ γ
dx
dt

þ ω2
0x(t)þ μx3 ¼ F(t)

mq
, (1)

where F(t) ¼ F0 cosωt, ω0 is the resonant frequency of the tuning

fork, γ = 2πΔf is attenuation (Δf is the half-width of the resonance
curve), μx3 is the term describing nonlinear behavior of the oscilla-
tor, and μ is the nonlinearity coefficient. This term results in a shift
of the resonant frequency with respect to ω0. Depending on the
sign of μ the resonance oscillation frequency may be shifted to
larger or smaller frequencies.

If the oscillation velocity u and displacement x are related by
the equation u = ωx, it was shown in Ref. 10 that the following
equation can be derived from Eq. (1)

u ¼ F0
mq

ωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(ω2

0 � ω2 � bωu2)2 þ ω2γ2
q , (2)

where the coefficient b in Eq. (2) is related to the coefficient μ by
the equation μ ¼ (2=3)ω3

0b.
Studying the amplitude-frequency characteristics (AFCs) of

the oscillating quartz tuning fork immersed in He II and using
Eq. (2) enabled the determination of b.10 In addition, it was
hypothesized that the nonlinearity of the behavior of the tuning
fork described by Eq. (1) is related to the emergence of a turbulent
superfluid flow.

It should be noted that a nonlinear regime has also been
observed in studies where other oscillating objects were used, such
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as thin wires11 with a characteristic cross section of≤ 1 μm. A non-
linear behavior has also been observed in cases of wires oscillating
in vacuum. This implies that this behavior is related to the proper-
ties of the oscillating wire itself. Therefore, in case of a tuning fork
oscillating in helium, the question becomes: to what extent and
under what conditions do the properties of the tuning fork itself
result in its nonlinear behavior that is manifested in the AFC, and
to what extent is the role of He II per se important?

The goal of this study is to provide answers to this question.
In the first part of the study, we explore tuning fork characteristics
in vacuum at low temperatures and large oscillation velocities.
The results obtained are compared with earlier obtained data for
the same tuning fork immersed in liquid helium. This approach
enabled the determination of the range of velocities and operating
forces where the main contribution to the relationship between
these quantities comes from the internal friction in the tuning fork
substance, or between the tuning fork legs, and the surrounding
helium. In the second part of the study we consider the relationship
between the nonlinearity coefficient of that tuning fork and the
properties of the turbulent flow of the superfluid liquid in which
the tuning fork oscillates.

1. CHARACTERISTICS OF THE QUARTZ TUNING FORK
IN VACUUM

To determine the inherent characteristics of the quartz tuning
fork, we measured the AFC of the tuning fork in vacuum (resonant
frequency ω0 is in this case equal to ωV) at low excitation forces
and a temperature of Т = 1.5 К. The measurement technique is
similar to that used earlier in Refs. 3, 4. The AFC was used to
determine the amplitude of the current at the tuning fork output
(I0), the excitation voltage amplitude (U0), full width at half
maximum of the resonance curve (Δf), and the tuning fork cons-
tant a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πmqI0Δf =U0
p

, where mq ¼ 0:24267ρq(LHT) is the
mass of the tuning fork leg, ρq ¼ 2569 kg/m3 is the quartz density,
and L, H, M are the length, width, and thickness of the tuning fork
leg, respectively.

Afterward, the AFC was recorded over a broad range of excita-
tion voltage amplitudes, and the amplitude of the current at the
tuning fork output was measured. Next, the value of the tuning
fork constant that was determined earlier was used to find the exci-
tation force amplitude F0 ¼ aU0=2 and the amplitude of the tuning
fork oscillation velocity υ ¼ I0=a. The electric circuit, measurement
technique, and experimental cell have been described in Refs. 2–4.
The temperature was measured with an accuracy of ± 5 mK using
an RuO2 resistance thermometer located in the cell directly next to
the tuning fork.

As a result, the dependence of the velocity on the excitation
force υ(F0) measured at the resonant frequency was determined
(see Fig. 1). Figure 1 shows that the obtained dependence is nonlin-
ear, though the deviation from the linear behavior is not large.

To answer the question of whether the non-linear behavior of
the tuning fork changes at lower temperatures, a decision was made
to cool the tuning fork in a reliable and controllable way to a temper-
ature of 0.7 K. A significant difficulty in this case is that cooling in
vacuum requires a lot of time (in earlier experiments,3,4,10 the cell
was entirely filled with Не II whose thermal conductivity ensured the

cooling of all cell parts). Additionally, it was necessary to know the
temperature of the tuning fork in the process of measurement. It is
for this purpose that the resistance thermometer was placed inside
the cell on the same plate as the tuning fork.

To enhance the thermal coupling between the tuning fork and
thermometer with the dilution refrigerator at a temperature of
0.7 K, gaseous 4Не (volume 8.31 cm3) was condensed, as a result of
which a Не II film was created that covered the entire internal
surface of the cell; the presence of the film significantly facilitated
the cooling process. The measurements were performed after 4Не
condensed in the cell and pressure was set below 10 Pa, the pressure
being measured at the cell filling line at room temperature.

The largest share of the internal surface of the cell belonged to
the heat exchanger made out of ultrafine silver powder. The heat
exchanger was manufactured in the same way as in Ref. 12. Given
the amount of powder (the size of the powder particles was 700 Å),
it was possible to estimate the heat exchanger surface (2.68 m2) and
thickness of the condensed film, provided that all of the gaseous
helium condensed in the cell. A calculation showed that the film
thickness estimated in this way was h∼ 30 Å.

Another method for determining the film thickness was to
find the mass of the oscillating object when measuring the resonant
frequency of the oscillations, since the resonant frequency is
inversely proportional to the square root of mass (a similar method
was used in microbalance scales). Having measured the tuning fork
resonant frequency in vacuum, (ωV), and also when its surface is
covered with the film, (ω0f ) at low oscillation velocities, one can
determine the effective mass of the tuning fork with the Не II film
that covers the tuning fork surface. After this, the film thickness h

FIG. 1. The tuning fork oscillation velocity as a function of the excitation
force.The tuning fork in vacuum at Т = 1.5 K (○) and the tuning fork with a
helium film at Т≤ 0.7 K (♦); the solid line shows the linear dependence and
the dashed line shows the velocity at which the amplitude of the tuning fork leg
oscillations is 45 μm (half the distance between the tuning fork tines). The
insert shows the tuning fork AFC for specific excitation forces: F0 = 3.067 × 10–8

(1); 1.53–9 (2); 1.5 × 10–10 (3); 3.067 × 10–11 (4); and 3.067 × 10–12 (5) N. The
numbering in the insert is the same as in the main plot. The arrow indicates the
correspondence between this specific AFC and the points on the curve υ(F0).
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can be determined under the assumption that the film is uniformly
distributed over the tuning fork surface:

ωV

ω0f

� �2

�1 ¼ mf

mq
, (3)

where mf ¼ ρHeSh is the mass of liquid in the superfluid helium
film condensed on the tuning fork surface, ρHe is the helium
density, and S is the area of its surface. Having measured the reso-
nant frequency at Т = 0.7 K and using the value of frequency ωV

determined earlier, Eq. (3) was used to estimate that film thickness
h ≃ 12.6 Å, a value that is of the same order of magnitude as the
estimate obtained earlier with consideration for the heat-exchange
surface.

Figure 1 shows the measured dependences υ(F0) and AFC
(insert) for Т = 1.5 and 0.7 К. The shape of the υ(F0) dependence is
virtually independent from the experiment setup. Similar AFCs
have been obtained earlier in Ref. 10. A difference is that the
maximum velocity measured in Ref. 10 was 0.4 m/s, while the
maximum velocity measured in this study was increased by more
than an order of magnitude to 5 m/s.

It should be noted that the maximum amplitude of the force
F0 in Fig. 1, corresponding to the maximum measured velocity
amplitude, also corresponds to such experimentally observed oscil-
lations of the tuning fork leg as when the oscillation amplitude
attains the maximum value equal to the half-distance between the
legs, D/2 = 45 μm.10 The maximum amplitude of the oscillation
velocity υ ¼ I0=a under these conditions, which is shown in Fig. 1
with a dashed line, coincides with the value calculated using the
formula ωD/2. This implies that the velocity amplitude is deter-
mined by function in the form of u = ωx, which is generically char-
acteristic of linear oscillations and was used in Ref. 10 to derive
Eq. (2) from the nonlinear Eq. (1). The fact that this dependence
persists in the case of nonlinear oscillations at their maximum
amplitude substantiates the assumption made in Ref. 10 and in this
study, that the linear dependence between displacements and veloc-
ities holds valid in the entire range of displacement amplitudes
despite oscillations being nonlinear.

To clarify the character of the dependence F0(υ) obtained
both in the experiment and in Ref. 13, we determine the deviation
of F0(υ) from the linear dependence for a given value of υ.
This deviation is the resistance force that is caused by the internal
friction in the tuning fork material. In Ref. 13, where a similar pro-
cedure was applied to the data for the tuning fork immersed into
helium, the deviation was due to the mutual friction force that
featured a power-law dependence on velocity: Fns � υ3. This study
seems to pertain to the case of internal friction of the tuning
fork substance.

The results are displayed in Fig. 2 as a function of tuning fork
oscillation velocity (where λq = 1.3 × 10–9 kg/s is the resistance coeffi-
cient of the tuning fork substance); open triangles show the data for
vacuum measured at Т = 1.5 K and black circles show the data for
the oscillating tuning fork covered with the helium film that were
obtained at Т = 0.7 К. The solid line shows the power-law depen-
dence with an exponent of 3/2, implying that the data obtained both
in vacuum and in the presence of the helium film may be described

using a universal function ΔF ¼ F0 � λqυ ≃ 1:4� 10�9υ3=2.
Figure 2 also displays the experimental data from Ref. 13
obtained for the same tuning fork but immersed into helium,
and an approximation of the experimental data with the func-
tion Fns ≃ 4:62� 10�8υ3 (dashed curve).

Figure 2 shows that if υ < 0.05 m/s, the dependence ΔF � υ3=2

(solid line) dominates and corresponds to when the primary contri-
butions to the dependences displayed in Fig. 2 come from the inter-
nal friction in the tuning fork substance. The opposite happens if
velocities exceed 0.10 m/s. The dependence ΔF � υ3 dominates
and is determined by the friction between the tuning fork legs and
the surrounding Не II (dashed curve).

Thus, F0 � λqυ depends on υ in a different way in vacuum
and Не II, which makes it possible to estimate the velocity ranges
where behavior of the same tuning fork but in different experi-
ments is dominated by a particular dependence that may be associ-
ated with internal friction in the tuning fork substance or mutual
friction of the tuning fork and He II.

2. NONLINEAR PROPERTIES OF THE QUARTZ TUNING
FORK IN HE II

As was shown in the previous Section, studies of quartz
tuning fork oscillations show that there is a region of oscillation
velocities of its legs where the nonlinear dependence F0 � λqυ is
predominant, in the case of the tuning fork being immersed into
helium. Let us consider in more detail the nonlinear behavior of
the oscillating tuning fork in He II. The behavior of the tuning fork
under these conditions is primarily determined by properties of the
turbulent flow in He II. The nonlinear Duffing equation can be
used to determine the nonlinearity coefficients of the oscillating

FIG. 2. The deviation of force from the linear dependence on velocity: measure-
ments in vacuum at T = 1.5 K (▵) and measurements at Т = 0.7 K for the tuning
fork covered with a helium film (•). The value λq = 1.3 × 10–9 kg/s was obtained
from the data displayed in Fig. 1. The solid line shows the power-law depen-
dence ΔF ≃ 1:4� 10�9υ3=2 and the dashed line shows the dependence
ΔF � υ3.
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tuning fork on the basis of the experimentally measured FWHM of
the resonance curve and the critical velocity at which the turbulent
flow emerges. In Ref. 10, the coefficient b, related to the nonline-
arity coefficient, was determined as a fitting parameter in compar-
ing the calculated AFC curves with experimental data. This
method of estimating b features a significant error in the determi-
nation of the nonlinearity coefficient. At the same time, the
general solution of the nonlinear equation that was used to deter-
mine parameters of the AFC singular points,8,9 which determine
the onset of the unstable behavior of the oscillating tuning fork,
enables the determination of not only the coefficient b, but also of
its temperature dependence.

If the excitation force increases in these experiments, the
resonance oscillation frequency diminishes, as is the case of μ < 0
in Eq. (1). Apart from this, due to the presence in Eq. (1) of an
additional cubic term, at some amplitudes that exceed the critical
values (Fcr) there is an instability that heralds the onset of turbu-
lence in the experiment. The values of Fcr and υcr correspond to a
singular point, the bifurcation point where three roots emerge
instead of one real root of the equation. An example is shown in
Fig. 3 that displays the dependences of the amplitudes of the
tuning fork oscillation velocity for three cases: F0 , Fcr, F0 ¼ Fcr,
and F0 . Fcr. One can see that if F0 � Fcr, only one solution for
velocity amplitude corresponds to each value of the velocity, while
if F0 . Fcr, there are three values of υ. For F0 . Fcr, instability
emerges if the frequency increases at point (а) and if the frequency
decreases at point (с) involving a jump to points (b) and (d),
respectively. In the interval delineated with arrows (see Fig. 3) there
are three values of velocity that correspond to the same frequency.
The maximum of oscillation amplitudes for all curves corresponds
to the maximum of the solution of the nonlinear equation.

A formula for the singular point where F0 ¼ Fcr (middle curve
in Fig. 3) was obtained in Refs. 8, 9. Using the notations of our
earlier publications were represent it in the form

F2
cr ¼

32π3

3
ffiffiffi
3

p Δf 3

b
: (4)

On the other hand, as it is shown in Refs. 8, 9, the following
formula can be used for the singular point:

Fcr ¼ 2πmqΔf υcr, (5)

with the values of the critical velocities at various temperatures
being taken from the experiments performed earlier13 and deter-
mined using the point where the linear dependence (for the
laminar flow) crosses with the cubic dependence that is typical for
turbulence (arrows in Fig. 4).

We use Eqs. (4) and (5) to determine the coefficient b:

b ¼ 8πΔf

3
ffiffiffi
3

p
υ2cr

: (6)

The values of b calculated in this way are displayed in Fig. 5 as a
function of temperature. They agree fairly well with the value
b = 50 s/m2 obtained in Ref. 10.

It should be noted that, similar to the determination of the
resistance coefficient in Ref. 14, one should take into consideration
that the onset of tuning fork properties occurs at temperatures
below 350 mK (see Fig. 5). The values of the coefficient b with con-
sideration for the tuning fork properties are shown in Fig. 5.

FIG. 3. The amplitudes of the tuning fork oscillation velocities as a function of
frequency for three cases: F0 , Fcr , F0 ¼ Fcr , and F0 . Fcr . The calculation
was made using Eq. (2) with the parameters that correspond to the experimen-
tal results.

FIG. 4. The tuning fork oscillation velocity as a function of the excitation force
for various constant temperatures: 150 (•); 210 (▵); 350 (□); 550 (⋄); and
1000 (▪) mK. The solid curve shows a linear dependence on velocity, and the
dashed curve displays a cubic dependence.
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3. THE RELATIONSHIP BETWEEN THE NONLINEARITY
COEFFICIENT AND MUTUAL FRICTION

As it was noted above, the nonlinear features of the tuning
fork immersed into He II are determined by the properties of the
quantum-turbulent flow regime. A solution of the Duffing equa-
tion8,9 can be used under this assumption to estimate, by order of
magnitude, the parameters of the dissipative processes that occur in
the turbulent flow of the superfluid liquid. One of these main
parameters is the mutual friction coefficient α determined by the
scattering of phonons on quantized vortices; this parameter relates
the mutual friction force Fns per unit volume with the flow velocity
of the superfluid component:15,16

Fns ¼ 2
3
ρsκαLυns ¼

2
3
ρsαυ

3
ns

κ
, (7)

where ρs is the density of the superfluid component in Не II,
κ ¼ h=m4 ¼ 0:997 � 10�7 m2/s is the circulation quantum, m4 is
the mass of the 4He atom, and, according to the total length defini-
tion, L ¼ (υns=κ)

2 is the total length of vortices per unit volume,
the value of L being dependent on υns, the velocity of the relative
flow of the normal and superfluid components. However, at tem-
peratures T≤ 500 mK, the density of the normal component of
helium becomes negligibly small, and υns coincides in this case
with the velocity of the oscillating tuning fork leg.

Assuming that the mutual friction force is the force that deter-
mines the nonlinear behavior of the tuning fork in Не II, beginning
from the critical point, and setting Eq. (7) equal to the last term in
Eq. (1) at x ¼ υ=ω0, one can estimate the value and temperature
dependence of the mutual friction coefficient, provided an assump-
tion is made that the volume of superfluid liquid is the same as the
tuning fork volume. This assumption may be substantiated by the
observation that the effective mass measurements of the liquid

involved in tuning fork motion17 show that the effective volume of
liquid participating in the motion consists of the volume of liquid
displaced by the tuning fork and the volume of liquid carried away
by the oscillating tuning fork. The volume of the liquid is small
compared to the volume of the liquid displaced by the tuning fork
and virtually does not depend on temperature. The formula for the
mutual friction coefficient has in this case a simple form:

α � bκ
ρq
ρs

: (8)

A calculation of the mutual friction coefficient performed using the
coefficient b determined earlier (Fig. 5) is displayed in Fig. 6 along
with data from Ref. 18.

Figure 6 only displays data for Т≤ 1000 mK. This is due to
the fact that the cubic dependence F0(υ) displayed in Fig. 4 is not
observed at higher temperatures. Figure 6 shows that the mutual
friction coefficient increases as temperature grows, as it is predicted
in Ref. 18, but differs from the temperature dependence reported in
Ref. 19 that shows that the mutual friction force due to scattering
of phonons on quantized vortices is proportional to T 5. The corre-
sponding dependence of the mutual friction coefficient is shown as
a solid line in Fig. 6; this curve, which is an extrapolation of the
data from Ref. 18 to a range of temperatures lower than those
explored in this study, crosses the range of data calculated in our
work. The difference between the values of the mutual friction
coefficient from those obtained by us at T≤ 250 mK (see Fig. 6)
may be a consequence of the properties of the tuning fork sub-
stance being strongly manifested at such temperatures. This would
result in an increase of inaccuracy of the FWHF measurements of
the oscillating tuning fork resonance line that is used to determine
the coefficient b and, hence, α. Some deviation of points from the
calculated curve at Т≥ 0.55 K may be evidence that Eq. (7) is inap-
plicable in this temperature range. Also, at Т≥ 0.7 K, the dominant

FIG. 5. The coefficient b as a function of temperature. The data have been
obtained using the experimental values of Δf and υcr according to Eq. (6), and
the enclosed closed dots are obtained with consideration for the contribution
from the tuning fork substance to Δf .14.

FIG. 6. The mutual friction coefficient determined at the critical point: the calcu-
lation uses Eq. (8) (●), data is from Ref. 18 (○).
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contribution to the dissipative processes starts coming from hydro-
dynamic viscosity of helium, which depends on the density of the
normal component increasing with temperature; however, this
issue requires additional exploration.

CONCLUSION

The properties of a tuning fork oscillating in vacuum at
Т = 1.5 K and a tuning fork covered with a thin helium film at
Т = 0.7 K have been considered. The measurements performed in
both cases agree with each other and show that the effect which a
helium film deposited on the tuning fork surface has on the oscil-
lating characteristics of the tuning fork is negligibly small.

A comparative analysis of the effect which the tuning fork
properties have on the measurements of υ(F0) when determining
the deviations of this dependence from the linear law was per-
formed. As was hypothesized earlier in Ref. 17, if the tuning fork
oscillation velocity is small, the observed dependences are deter-
mined by the properties of the tuning fork substance; however, at
velocities higher than 0.05 m/s, the effect of the surrounding
superfluid liquid becomes dominant due to the contribution from
scattering of phonons on quantized vortices that constitute a
quantum-turbulent tangle of quantized vortices.

The mutual friction forces that result in nonlinear oscillations
of the quantum tuning fork immersed into Не II at temperatures
below 0.55 K were analyzed, and a method for determining the
mutual-friction coefficient was proposed. The experimental data
were used to determine the temperature dependence of the coeffi-
cient b, proportional to the nonlinearity coefficient μ in the Duffing
equation (1) when determining the critical force at the singular
points that correspond to the onset of turbulent flow of superfluid
liquid. The temperature dependence of the mutual friction coeffi-
cient was determined and analyzed without introducing any fitting
parameters, the values in a temperature range from 0.3 to 0.55 K
agreeing well with the temperature dependence predicted in Ref. 19
and used to extrapolate data from Ref. 18.
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